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Abstract. In a family of compact, canonically polarized, complex manifolds 
the first variation of the lengths of closed geodesies is computed. As an 
application, we show the coincidence of the Fenchel-Nielsen and Weil-Peters- 
son symplectic forms on the Teichmiiller spaces of compact Riemann surfaces 
in a purely geometric way. The method can also be applied to situations like 
moduli spaces of weighted punctured Riemann surfaces, where the methods 
of Kleinian groups are not available. 



1. Introduction 

In 1958 Andre Weil introduced the methods of deformation theory of compact 
complex manifolds to the study of Teichmiiller spaces [WEj . In particular, he 
used the i^-inner product, induced by a metric of constant negative curvature, to 
the harmonic representatives of Kodaira-Spencer classes. He conjectured that the 
resulting Hermitian inner product on the Teichmiiller space would be of Kahler 
type and of negative curvature. The resulting Kahler form is since known as the 
Weil-Petersson form. 

Beginning in 1982, Wolpert analyzed the Fenchel-Nielsen structure of the Teich- 
miiller space and showed that the standard symplectic form cj^^ = — ^ dr* A dP , 
defined in terms of Fenchel-Nielsen coordinates, actually coincides with the Weil- 
Petersson form u!^^ . This was achieved in a sequence of papers |W021 IW03[ 
IW04| . which also contain important arithmetic results. Most of the arguments 
use in an essential way the theory of Kleinian groups. For example, one key idea 
in Wolpert's approach is to solve Beltrami equations on the upper half plane, to 
compute derivatives of cross-ratios of the solutions, and then use Poincare series, 
in order to descend to the Riemann surfaces. 

Our aim is to extend these results to cases where the original methods do not 
apply, i.e. to cases where the hyperbolic structure is not necessarily induced by the 
universal covering, such as weighted punctured Riemann surfaces. Our methods 
also provide a purely differential geometric approach to a key result in Wolpert's 
approach, namely the Weil-Petersson duality of the twist vector fields d/dr^ and 
the differentials of the corresponding length functions. We use path integrals 
along closed geodesies of harmonic Beltrami differentials and holomorphic qua- 
dratic differentials. More generally, the first variation of the length of a closed 
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geodesic in a holomorphic family of Kahler-Einstcin manifolds of negative cur- 
vature can be expressed as the integral of the harmonic Kodaira-Spencer tensor 
along a geodesic; this is our Theorem 13.21 

We consider the Teichmiiller space of (possibly weighted) punctured Riemann 
surfaces of genus p with n punctures. The existence of pants decompositions 
and Fenchel-Nielsen coordinates was shown by Zhang in ZH] under the natural 
assumption that the cone angles do not exceed the value of tt, i.e. the weights are 
in the interval [1/2, 1] (c.f. Section[5]). Let s"; k = 1, . . . , iV be local holomorphic 
coordinates on the Teichmiiller space near a fixed point sq corresponding to a 
Riemann surface X] then the tangent vectors d/ds'^\sf, correspond to harmonic 
Beltrami differentials /iK on X. An immediate consequence of Theorem 13.21 is the 
following result: 

Theorem 1.1. The complex derivative of a length coordinate with respect to a 
holomorphic coordinate equals half the integral of the corresponding harmonic Bel- 
trami differential along the closed geodesic: 



The above formula is independent of the choice of a set of Fenchel-Nielsen 
coordinates and holds for the length function P{s) of a differentiable family 7(3) 
of closed geodesies. 

In the classical case, closely related results, where the first variation of the 
length of a closed geodesic is expressed in terms of integrals, can be found in 



The shearing technique for twists along closed geodesies plays an important 
role in Teichmiiller theory. We handle the twist parameters in the context of 
deformation theory and cocycles of vertical automorphisms. This reflects only 
one aspect of the complex earthquake map associated to a given closed geodesic 
in the sense of McMullen [Mc] (cf. also |E-Mj ). The tangent vector 9/i9r'|s„ 
of the Teichmiiller space is uniquely determined by its action on the cotangent 
space, i.e. the space of holomorphic quadratic differentials. (Here we use the type 
decomposition of the real tangent space of the Teichmiiller space as embedded into 
its complexification.) 

Theorem 1.2. The tangent vector 9/c)r*|s„ applied to a quadratic holomorphic 
differential ip — ip{z)dz'^ is given by the integration of the quadratic differential 
along the corresponding closed geodesic. 



(1) 




[woniwo2] . 




Note that also the above formula is independent of the choice of Fenchel-Nielsen 
coordinates. It holds for the twist vector d/dr'^ for any given closed geodesic 7. 
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Observe that the above inner product is actually a product of the (l,0)-part of 
(9/9t*) and the quadratic holoniorphic differential ip. As a corollary we obtain a 
key result proved by Wolpert for the classical case in |W02] . 

Theorem 1.3. The Fenchel- Niels en symplectic form on the Teichmuller space is 
equal to the Weil-Petersson form: 

N _ 

(3) Lu^^ ^Lj'^P, I.e. -Y.dr'^dt^V^G'^/ ds^^/\ds\ 

1=1 

In fact the formulas ^ , ^ and ^ are intimately related in the sense that any 
two of them imply the third one. 

In the situation of Fuchsian groups, the above geodesic integral ^ seems to be 
related to the monodromy integral of the quotient of the given quadratic differential 
by a certain Abelian differential in ^W02J (cf. Section [6]). 

Our approach can also be used to compute second variations - our computations 
and applications will appear elsewhere. 

Acknowledgements. The second named author would like to thank Inkang Kim 
for important discussions. The authors would like to thank the referee for pointing 
out the reference |E-Mj . 

This paper was written at the University of Iceland. The second named author 
would like to express his thanks for the kind hospitality and support. 

2. Families of Kahler-Einstein Manifolds 

Let {Xs}seS be a holomorphic family of canonically polarized compact complex 
manifolds parameterized by a (connected) complex space S. It is given by a proper, 
smooth, holomorphic mapping f : X ^ S such that Xs = f^^{s) for all s ^ S. 
For simplicity we will assume that the base S is smooth, although our results can 
also be given a meaning for possibly non-reduced singular base spaces. 

We denote hy X = Xgf,; sq G 5 a distinguished fiber. Let n — dimc^, and 
denote by z"; a — 1, . . . , n local holomorphic coordinates on X. 

A Kahler form on X will be denoted by 

uJx = V^g^-^dz"' A dz^ 

On the fiber X we are using the summation convention together with the V- 
notation for covariant derivatives. A [-symbol will denote an ordinary derivative. 
Also, da and will stand for d/dz"' and d/dz^ respectively. The raising and 
lowering of indices is defined as usual in terms of covariant derivatives. 
For the Ricci tensor R^^ of X we will use the sign convention 

^a73 = -log(ff(^))|a^, 



where g{z) = det{g^-p{z)). 
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Accordingly we set g{z, s) = det{g^p{z, s)) for the family f : X ^ S, where we 
equip the fibers with Kahler-Einstein forms 

= ^/-^9a0{z, s)dz°' A dz^ 

of constant negative curvature —1, i.e. R^-j^{z, s) = —gapi^^ s). 
Let 

p:Ts„S ^ H\X,Tx) 

be the Kodaira-Spencer map for the corresponding deformation of X over S at 
the point sq G S. 

A natural inner product on the space H^(X,Tx) of infinitesimal deformations 
of X, the Weil-Petersson Hermitian inner product on Ts^S, is induced by the 
Kahler-Einstein metric wx on X. Namely, given tangent vectors u,v G TggS, we 
denote by Au = A^-^dadz^^ and Ay the harmonic representatives of p{u) and p{v) 
respectively. Then the inner product of u and v equals 

{u,v)wp= [ A^^Al^g^y^gdV, 

where Ay denotes the adjoint (conjugate) tensor of Ay, and gdV the volume ele- 
ment. 

We note that the Weil-Petersson inner product is positive definite at a given 
point of the base, if the induced deformation is effective. 

Let Sj; J = 1, . . . , A'' be local coordinates on S, and set Aj = Aq^q^. . Then the 
Weil-Petersson form on S equals 

where we use the notation 

Gf/{8) = {d/ds\d/ds^)wp = J^A'^Alg^-y^gdV. 

A closed real (1, l)-form on the total space X of the given family is defined by 
(4) wx = -V^ddlogg{z, s). 

The Kahler-Einstein condition for the fibers implies that the restrictions oi uJx to 
the fibers are the given Kahler-Einstein metrics: 

for all .s e S. 

An important fact is that the family of Kahler-Einstein metric tensors contains 
the harmonic representatives of Kodaira-Spencer classes. The short exact sequence 

Tx/s ^Tx^ f*Ts ^ 

induces the Kodaira-Spencer map via the edge homomorphism for direct images. 
Again, we use V-notation for covariant derivatives as well as raising and lowering 
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of indices in fiber direction for families. A lift of a tangent vector d/ds^ of S at so 
as a differentiable vector field of A" on X is of the form 

d/ds' + bfdc,. 

Its exterior 9-derivative B^dadz'^, where B'^ = V^6f, is interpreted as a en- 
closed (0, l)-form on X with values in the tangent bundle of X. It represents the 
obstruction against the existence of a holomorphic lift of the given tangent vector, 
i.e. the infinitesimal triviality of the deformation. Moreover, 

(5) p{d/ds') = [Bf^dadz'^] e H\X, Tx). 

Our argument is based upon the notion of canonical lifts in the sense of Siu (cf. 
[SIUp . which turned out to be a';i'-horizontal: The form lox is positive definite in 
fiber directions but need not be positive on X . Its components in the directions 
of 2:" and are denoted by gaj etc. However, horizontal lifts of tangent vectors 
are well-defined and of the form 

(6) 9/9s' + a?9„, 
where 

(7) < = 

We set A"^ = V^af and obtain (cf. |SCH2l [SCH3] ) the following fact: 

Proposition 2.1. The horizontal lifts with respect to lox of tangent vectors induce 
harmonic representatives of Kodaira- Spencer classes: The harmonic representative 
of p{d/ds^) equals A°^dadz^ . These satisfy the following properties 



(i) 
(ii) 



if} p tS' 



i/5 

(iii) 

The conditions (i) and (ii) above correspond to harmonicity, whereas condition 
(iii) reflects the relationship with the metric tensor. 

3. Families of closed geodesics 

Let [f : X ^ S^Ldx) be a family of Kahler-Einstein manifolds with constant 
negative Ricci curvature equal to —1, where lox is given by ([4]). 

We denote by 7^ a differentiable family of closed geodesics contained in the 
fibers Xg. In order to describe the variation of the length of closed geodesics in a 
family, we use the notion of integrating a tensor along a geodesic. Exemplarily we 
define: 
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Definition 3.1. Let C = C-^ be a tensor on the Kdhler manifold X, and 7 
be a geodesic of length £, parameterized by u{t) = {u^{t), . . . ,u'^{t)), such that 
\\u{t)\\ = 1. Then 

j C = j C-^dz^dz^ := C^{u{t))vPu^dt. 

For contravariant tensors of order one this notation coincides with the integra- 
tion of a differential form along the curve 7. 

The main result of this section is the following theorem: 

Theorem 3.2. Let X ^ S be a family of canonically polarized, compact, complex 
manifolds equipped with Kdhler- Einstein metrics. Let 7s be a differentiable family 
of closed geodesies on the fibers Xs, having the lengths £{s). Let d/ds^\s=so S T^^S 
be a tangent vector. Then the first variation of the length of the closed geodesic 
with respect to the holomorphic parameter of the family is half the integral of the 
symmetric, harmonic Kodaira- Spencer tensor along the geodesic: 

s=so ^ ^7(so) 

In order to prove the theorem, we may assume that 5 = {s} is a disk in C, and 
So = 0. The closed geodesic curves 7^ are solutions of the equation for geodesies 

(8) it"(i, s) + r^^iu{t, s))u'{t, s)u''{t, s) = 0. 

The solution is unique up to the constant value of the speed 

\Ht, s)f = g^-p{u{t, s), s)u"{t, s)u^{t, s). 

For s = we chose \\u\\ = 1, for the remaining values of s the value of ||w|| will be 
determined by the fact that the parameter t assumes values in the interval [0,£o]) 
where £0 is the length of 70. Now 

£{s)= f" \\u{t,s)\\dt 
Jo 

so that 

de{s) 



(9) 



ds 



I £' ^Juit,s)fdt. 



We need to study various tensors on X along the geodesies. In particular, we 
consider the vector field 



Us{t,s)= ^-+u:{t,s)—+ut{t,s)^ 

where _ 

du°'{t,s) , 7f, , du^(t,t 
u'^it, s) = and s)= ^ ' 



i(t,s) 



ds ' ds 

The function 

X{t, s) = {Us,u) 
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is defined as the inner product of vector fields along the geodesies with values on 
the total space X . Concerning lux we indicate the direction of the one-dimensional 
space S hy s. We have 

Using ([5]) we simplify the expression for the derivative x get: 



(10) 
Lemma 3.3 



Proof. We use ^ and (fTU]) together with ^ and ([7]) and apply Proposition 12. II 
The statement now follows from a calculation. □ 

The proof of Theorem 13.21 concludes with ^ and Lemma 13.31 

4. COCYCLES OF VERTICAL AUTOMORPHISMS 

Let X be a compact complex manifold, and {S, sq) a germ of a complex space. 
We follow the approach of Forster and Knorr |F-Kj and assign to any deformation 
of X over a (S*, sq) an element of the first cohomology H^{X^ 65) of X with values 
in the sheaf 65 of vertical automorphisms. Its derivative with respect to the 
base space yields the Kodaira-Spencer map. For any deformation of X given by a 
cartesian diagram 

X ^X 



^ (5, so) 

there exist open coverings {Ui} of X and {Zi} oi X together with isomorphisms 
ipi : UiX S Zi, compatible with the cartesian diagram, and equal to the identity 
for s = 0. The actual cocycles ^ij are defined on {Uif}Uj) x 5' by t/jj^oipi. We look 
at the derivatives of the 7^ with respect to tangent vectors of the base and values 
in the sheaf of holomorphic vector fields. These define the Kodaira-Spencer classes 
and will be compared with suitable (0, l)-forms representing the same classes. 

We take a differentiable trivialization ( : X ^ X x S oi the family, which 
equals the identity for s ~ sq- Then, according to the class p{d/ds'^)\s^so is 
represented by 



(11) 



-so 



We now consider the situation where the covering that is involved in the de- 
formation only consists of only two elements, Ui and U2, say. A differentiable 
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trivialization of the holomorphic family can be chosen to be equal to the identity 
on the complement of any given compact neighborhood of Zi H Z2 C X. 

5. Application to Riemann surfaces 

For families of Riemann surfaces (with notation from Section [T]) the above 
Proposition 12. II states that harmonic Beltrami differentials are of the form 



12 ^i^[z) — dz^-=\ — —=\—dz. 

oz dz \g ds'-dz J oz 

We write these also in the form 

(13) fj.K[z)—dz = —dz 

oz g{z) oz 

for certain quadratic holomorphic differentials (p^ = LpK,{z)dz'^ , with (/j^- := Tpi^. 
Now Theorem 11.11 is an immediate consequence of Theorem 13.21 



6. Twist coordinates vs. holomorphic coordinates 

In this section we will prove Theorem ll.2l We will first treat the case of Riemann 
surfaces X equipped with the hyperbolic metrics g = g{z)\dz\'^ . Given the context, 
we normalize a metric of constant curvature —1 so that the Ricci curvature equals 
— 1, i.e. 9^ \ogg{z)/dzdz = g{z). 

Our point is to give a direct proof, which only uses the hyperbolic geometry of 
Riemann surfaces. 

We consider a closed geodesic 7 on X parameterized by u{t) with ||M(i)|| = 1. 
Let the length of j he £0 = 27rro. The twist along 7 gives rise to a real, one 
parameter family of Riemann surfaces, in particular it gives rise to a real (analytic) 
curve in the appropriate Teichmiiller space. 

As local coordinate set we use an annulus W ~ {z e C;ri < \z\ < embedded 
into X, such that 7 corresponds to a circle {\z\ — tq} for ri < tq < r2, with 
parameterization u{t) — roe^'^*/''° for < < < £0. 

For r g R a family of holomorphic automorphisms of W is given by the twist 
z 1-^ e^'^'^^^°z. In the sense of Section|3]we interpret these as a family of vertical 
automorphisms with respect to an open covering of X consisting of two elements. 
Now a differentiable trivialization (which is equal to the identity on the comple- 
ment of ly) is given by 

(14) C(^,^) = 6^^''^"^^, 

where r = |z| and h E C°°((ri,r2),M) denotes a differentiable function which is 
identically zero near ri, and identically equal to one near r2. The value t ~ £q 
represents a Dehn twist. 

We take a deformation theoretic standpoint, and we use in this context the 
shearing technique (WO 21 Section 1]: A Beltrami differential will again stand for 
an infinitesimal deformation. If we replace in (jlip a tangent vector d/ds'^ by a 
real tangent vector d/dr, we obtain the image of its (1, 0)-component under the 
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Kodaira-Spencer map. The resulting Beltrami differential /i = fj,{z){d/dz)dz is 
identically zero on the complement of W. For z ^ W it follows immediately that 

(15) 

Now we can prove Theorem ll.2l The idea is to determine a Beltrami differential 
as a linear form on the cotangent space of the Teichmiillcr space. 

The duality H^{X,Tx) x H°{X,Ox{'2Kx)) C of tangent and cotangent 
spaces of T is given by 

IJL{z)—dz,ip{z)dz'^\ I— > [ fi(z)ip{z)dA, 



dz ) Jx 

where dA — \J —\dz A dz is the Euclidean area element. Observe that /j, need not 
be harmonic in this expression, in fact we get the same value for any function h(r) 
with the above properties. The claim of the theorem follows from (jlSp in principle 
by Stokes' theorem ~ we can also let h tend to the function h^, which is defined 
to be equal to zero for r < tq and equal to one for r > tq. Then h!(r) converges 
to a delta function, and integration over r implies that that for any quadratic 
holomorphic differential 93 

Now the necessary reparameterization d = t/rg yields the claim of the theorem. 

□ 

We mention the monodromy integrals from [W02j . If A is a hyperbolic element 
in P5'L(2,M), lifted to A e 5*^(2, M), the monodromy integral is 

1 

V{iP,A) = -J i^n^ 

where ?/; is a quadratic holomorphic differential, and f2^^ a suitable Abelian dif- 
ferential. Then by |W021 Lemma 4.2] the following formula holds for the twist 
tangent vector /iq applied to a holomorphic quadratic differential 

fioyj - -V^<7^rj{Af^V{^/j,A), 

A 

where A is a fundamental domain, ~ ±1, and ri{A) = ((tr A)^ — 4)^/^. 

7. Computation of the Fenchel-Nielsen symplectic form 

The results of this section are valid for the Teichmiillcr space of (possibly 
weighted) punctured Riemann surfaces. 

Combining our geodesic integral formulas ([T]) and ^ we immediately obtain a 
result, which was proved in the classical case by Wolpert f [W021 Theorem 2.10]). 
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Corollary 7.1. The vector fields d/dr^ are Hamiltonian with respect to the Weil- 
Petersson form: 



(16) ^ = 

£ - ^(-.^>- 

Here, the Weil-Petersson inner product, which is defined initially on the complex 
tangent space, is extended in a natural way to the complexified real tangent space 
(which also contains the complex tangent vectors of type (0, 1)). 

Next, we prove the coincidence ^ of the Fenchcl-Nielsen and Weil-Petersson 
symplectic forms using ([l} and We will give a short computational argument: 

Proof of Theorem ] 1.3[ We write u;^^ in terms of Fenchel-Nielsen coordinates and 
begin with the contribution of the twist parameter involving dr^ A dr'^ . Since we 
are dealing with real forms, we need to show: 



Claim. The real part 

Re 



- / d d \ds'^ds(^^ 



vanishes, in particular, it is symmetric in j and k. 
Proof of the claim,: 

V^/— — \— — - / ^ dsf^ d \ ds" 



. — / d 9 \ 5s" 

\d^'d?^/d^ ^^^^"^ consideration) 



de'' ds" 

■ d^- 



The real part of this quantity equals 



1 di'' 
2d^ 



0. □ 



We conclude the proof of Theorem 11.31 The vanishing of the coefficients of 
d£^ A di"'- is an immediate consequence of the "dual" equation (US]), which may 
not be available at this point. However, we can revert here to Wolpert's purely 
(differential) geometric argument |W041 Corollary 1.2], which involves orientation 
reversing (anti-holomorphic) symmetries. 
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Finally, the coefficient of dr^ A d£™ in ui^^ equals 



/ds^_d_ ds^_d_\ I ds^_d_ ds^_d_\ 

d dsl^ d \ / ds°' d d 



ITeUTTl 




□ 



FN _ , ,WP. 



Now we obtain the following formula of Wolpert from the equality uj = ui 

Corollary 7.2. The length coordinates & give rise to Hamiltonian vector fields 
d/dP: 



dT>___ — / _d_ _d_ 

The above equation (fTT]) also implies the following corollary, whose classical 
version is Theorem 2.11 from [W02j : We first observe that p7|) holds in a slightly 
more general situation. Namely, as usual, we pick local holomorphic coordinates 
(si, . . . , stv) on the Teichmiiller space near a point sq and denote by fia the har- 
monic Beltrami differentials corresponding to the d/ds"\sg- Then for any closed 
geodesic 7 on X we have the length function £(7), and also 9/i9r(7) is defined 
at the given point sq without a choice of a system of Fenchel-Nielsen coordinates. 
Now ([TT]) reads 



(19) ^ - 



deh) _ r— 1^ d \ 
ds" \ as" ' aT(7) / 



for aUa= 1,...,7V. 



Corollary 7.3. Let 7 and 6 be closed geodesies on X . Then 

d£{-/) _ dl{5) 



(20) 



dT{5) 9t(7) ' 
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Proof. We show that the left-hand side is skew symmetric in 7 and 6. 



dT{5) 



2Re 
2Re 
2Re 

2Re 



as" 



-1 



/-I 



d d 



dT{5) \9s"'ar(7) 
9s" / d ds^ d 



dT{5) \ds»' dT{'y)dsi^ 



1 G 



WP 



-1 



"^3 dT{5) aT(7) y 

9s" 9s^ 9s" 9s^ 



"/3 I 9t((5) 9r(7) 9r(7) 9r(5) 



(type consideration) 



□ 



8. Weighted punctured Riemann surfaces and conical metrics 

Let X be a compact Riemann surface of genus p and a — X]"=i ^^iPi be an 
R-divisor, with < < 1 for all i. Then a) is called a weighted punc- 
tured Riemann surface. We always assume that the degree of the R-divisor 
K(x,si) '■— Kx + a, is positive. It was shown by Hulin, McOwen and Troyanov 
|H TllMcOlfT] that such surfaces possess unique hyperbolic conical metrics. These 
are characterized as follows: 

(i) For aj = 1 the metric g satisfies a Poincare growth condition at pj, i.e. 
g = |^|2 iog^(|^|2) M'^P ill some local holomorphic coordinate system, where 
Pj corresponds to z = 0, and p is a continuous positive function. 

(ii) For < flj < 1 the metric is of the form g — /'fe^. [dzp, where p is 
continuous. 

In a holomorphic family, in particular regarding Teichmiiller and moduli spaces, 
punctures are labeled. The complex structure of the resulting Teichmiiller space 
Ta of weighted punctured surfaces (with weights being fixed) can be identified 
with Tp^n- However, weights give rise to a hierarchy of compactifications of the 
corresponding moduli spaces, which were extensively investigated by Hassett |HAj . 

On the other hand, hyperbolic conical metrics induce different Kahler struc- 
tures on Teichmiiller and moduli spaces. Generalized Wcil-Pctersson metrics were 
introduced and studied in [S^TTl [S^T2] . 

From the viewpoint of hyperbolic geometry, the Teichmiiller space of weighted 
punctured Riemann surfaces were studied by Zhang in [ZH . Under the seemingly 
necessary assumption that the weights are between 1/2 and 1, Zhang showed the 
existence of Fenchel-Nielsen coordinates so that the Fenchel-Nielsen symplectic 
form Lo^^ becomes meaningful. The above range of weights contains the inter- 
esting weights of the form 1 — 1/fc that arise from finite quotients. Any pants 
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decomposition of a Riemann surface with conical singularities with the above re- 
striction avoids the punctures. So Theorems 11.11 and 11.21 are still valid. 

Concerning the notion of harmonic Beltrami differentials, Hilbert space theory 
is not available in general. Instead we use equation (jl3p as a definition for the 
space H^{X,a.) of such differentials on a weighted punctured Riemann surface 
{X, a) . In |S-Tlj the existence of a duality 

(21) H\X,a)x H"iX,Oxi2Kx+D))^C, 

was shown, where D = '^^Pi, is the underlying divisor to a with weights one. Also 
(fT2|l holds. The inner product on H^{X,a.) induced by the conical hyperbolic 
metric gives rise to a generalized Weil-Petersson metric, which is of Kahler type 
|S-Tli IS-T2| . The statement and proof of the Theorem 11.31 can be carried over 
litterally to this case. So all necessary conditions for the coincidence of ui^^ and 
uj^^ are satisfied for weighted punctured Riemann surfaces. 
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